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A hybrid Rayleigh-Taylor-current-driven coupled instability
in a magnetohydrodynamically collimated cylindrical plasma
with lateral gravity
Xiang Zhaia) and Paul M. Bellanb)
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(Received 28 April 2015; accepted 18 February 2016; published online 22 March 2016)
We present an MHD theory of Rayleigh-Taylor instability on the surface of a magnetically con-
fined cylindrical plasma flux rope in a lateral external gravity field. The Rayleigh-Taylor insta-
bility is found to couple to the classic current-driven instability, resulting in a new type of
hybrid instability that cannot be described by either of the two instabilities alone. The lateral
gravity breaks the axisymmetry of the system and couples all azimuthal modes together. The
coupled instability, produced by combination of helical magnetic field, curvature of the cylindri-
cal geometry, and lateral gravity, is fundamentally different from the classic magnetic
Rayleigh-Taylor instability occurring at a two-dimensional planar interface. The theory success-
fully explains the lateral Rayleigh-Taylor instability observed in the Caltech plasma jet experi-
ment [Moser and Bellan, Nature 482, 379 (2012)]. Potential applications of the theory include
magnetic controlled fusion, solar emerging flux, solar prominences, coronal mass ejections, and
other space and astrophysical plasma processes.VC 2016 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4943896]
I. INTRODUCTION
Rayleigh-Taylor (RT) instability is a well-known hydro-
dynamic instability occurring when a gravitational field
points from a high density fluid to a low density fluid.1–3 In
the case that the low density fluid is vacuum and the inter-
face is planar, the growth rate of the one-dimensional (1D)
RT instability is
c ¼
ﬃﬃﬃﬃﬃ
gk
p
; (1)
where g is the gravity and k is the spatial wavenumber of
the perturbation on the interface. The instability grows as
expðctÞ in early time when the disturbance caused by the
instability is small so that linear stability analysis is valid.
The RT instability prefers small scale perturbations because
larger k gives faster growth rate. Equation (1) results from
assuming incompressible fluid with no surface tension. It is
known that finite compressibility can stabilize long wave-
length perturbations (small k) while surface tension sup-
presses short wavelength (large k) perturbations.1 At later
times, the RT instability is well known to develop bubble
and finger-like structures that further undergo Kevin-
Helmholtz instability.
The RT instability in a magnetized plasma was first con-
sidered by Kruskal and Schwarzschild.4 For a plasma
“sitting” above vacuum with a magnetic field parallel to the
planar interface, magnetohydrodynamic (MHD) theory
shows the growth rate of this two-dimensional (2D) magnetic
Rayleigh-Taylor (MRT) instability is
c2 ¼ gk  k  B0ð Þ
2
l0q
; (2)
where B0 is the unperturbed magnetic field, k is the perturba-
tion wavevector, and q is the density of the plasma.2–4 It is
seen that finite k  B0 reduces the growth rate. Because the
instability phase is ik  x, the wavevector k is perpendicular
to the direction of constant phase. This means that for pertur-
bations that try to bend magnetic field lines, i.e., k not per-
pendicular to B0, the magnetic field has a stabilizing effect.
In particular, Eq. (2) shows that a perturbation with k k B0
(often called undular mode) is completely suppressed by
magnetic field line tension if k > l0qg=B
2
0. For a perturba-
tion with k?B0, sometimes called the interchange mode, the
instability is identical to the hydrodynamic case. However,
finite shear in the magnetic field can make a perturbation
impossible to align with magnetic field at all depths, and
thus helps to stabilize the system.2 The highly anisotropic na-
ture of the MRT instability has motivated efforts to study its
nonlinear behavior using three-dimensional (3D) numerical
simulations. It is found that at later times a strong magnetic
field may even enhance the growth of bubbles and fingers in
comparison to a purely hydrodynamic instability.5
The RT and MRT instabilities occur in various situa-
tions and the “gravity” g can originate from different sour-
ces. In astrophysical situations such as accretion processes
and supernovae remnants, the RT instability happens due to
the centripetal gravity from the central object.5 The interfa-
ces are cylindrical or spherical surfaces. Magnetic implosion
of metal liner or Z-pinch plasmas are subject to the MRT
instability on the cylindrical interface with the effective
gravity caused by radial acceleration of the interface.6–9 In
laser-based inertial confinement fusion and laser-produced
plasma experiments, the RT instability happens when the
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ablation fronts are accelerated by laser irradiation.10,11 The
Parker instability or magnetic buoyancy instability can occur
when a horizontal magnetic field increasing with depth sup-
ports heavier gas on top.12–15 This instability shares the same
physics as the MRT instability. In space plasmas and mag-
netic confinement, a concept of “bad” curvature or “good”
curvature of magnetic field is also related to the MRT insta-
bility. This is because curved magnetic field lines can intro-
duce an effective gravity to the plasma, as a result of
centrifugal force resulting from guiding center motion along
curved field lines.2 In magnetic confinement devices and
space plasma, when a pressure gradient exists at a location
where the magnetic field has an unfavored curvature, the
configuration is RT unstable, and gives rise to the ballooning
mode.16–18 These RT and MRT processes, despite their
diverse geometries and causes, share a common feature that
the (effective) gravity g is perpendicular to the interface. In
this sense, the interfaces can be approximately treated as
planar.
A recent lab experiment by Moser and Bellan showed a
Rayleigh-Taylor instability developed on one side of a cylin-
drical argon plasma jet.20 In the experiment, a plasma jet is
created and collimated to a uniform radius of 2–5 cm by
MHD forces. The plasma inside the jet is singly ionized with
an estimated electron density ne  1021  1022 m3. Outside
the jet is weakly ionized plasma with negligible density and
pressure. The cylindrical jet carries a strong axial magnetic
field of 0.2–0.6T and a large axial current of 50–150 kA, so
the magnetic field is in a typical flux rope configuration.19,21,22
When the jet is sufficiently long, it undergoes an m¼1 kink
instability.23 The kinked plasma grows nonlinearly fast and
accelerates laterally away from the original central jet axis. In
the plasma frame, an equivalent gravity is created due to the
acceleration, pointing laterally from the plasma, which is a
heavy gas, to the center axis, which is now nearly vacuum.
The lateral acceleration of the argon jet is estimated to be
g  1010 m/s2 based on 3 or 4 snapshots taken by a fast-
framing camera in visible band. A Rayleigh-Taylor instability
is induced on the inner boundary of the kinked jet, with an
axial wavelength kz  1 2 cm and an initial growth rate
c  106 s1. See the left panel of Fig. 1 for a typical RT insta-
bility of a kinked argon jet. The RT instability quickly erodes
and breaks the jet structure, leading to fast magnetic
reconnection.20,24 Hydrogen plasmas are found to develop
kink instability in a very similar manner; but no distinct RT
instability has been observed for hydrogen jets with
g  1010 m/s2; RT instabilities with axial wavelength
kz ¼ 3 5 cm are observed only in some rare shots with
strong lateral acceleration g ¼ 1011  3 1011 m/s2. We
name the two cases as type I and type II hydrogen jets, respec-
tively. The right two panels of Fig. 1 display the two types of
hydrogen jets. The lateral acceleration in the experiment is
possibly time-dependent, because it is caused by kink instabil-
ity. However, due to the short life time of the RT instability
and limitation of diagnostics, only one quantitative value of g
is obtained.
These RT instabilities on one side of a magnetized cylin-
drical flux rope are interesting because they involve a compli-
cated magnetic structure, a curved interface, and a lateral
gravity that is not always perpendicular to the interface. In a
naive attempt, we can assume locally the interface is a flat 2D
plane. The bottom interface of the flux rope is susceptible to
the interchange mode of RT instability, analogous to 2D mag-
netic RT theory. For argon plasma, the growth rate of such
mode is c ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pg=kzp ¼ 5 106 s1, which is very close to
the observation. However, it is questionable that this inter-
change mode can exist at other parts of the interface. At the
top, the gravity is pointing from vacuum to plasma and hence
stabilizes the perturbation; at other locations the gravity is
oblique to the interface. The oversimplified local 2D theory is
therefore mathematically incompatible with the real case
where lateral gravity is applied to a cylindrical interface.
Moreover, it is also not clear why kz ¼ 1 cm is selected by the
instability in argon plasma and why RT does not occur in type
I hydrogen jets under the same lateral gravity.
Lateral RT instability in cylindrical geometry was
previously considered in geophysics applications of diapir
formation and spacing on a rising cylinder of buoyant
hydrodynamic fluid.25 References 26 and 27 show theoreti-
cally that the RT instability in cylindrical geometry differs
significantly from the stability results for 1D or 2D planar
interfaces, and that it is fundamentally incorrect to assume
that results from planar geometry may be applied to cylin-
drical configurations.
It is therefore necessary to theoretically consider the lat-
eral RT problem in a more rigorous way. In this paper, we
FIG. 1. Left: a kinked argon jet developing RT instability on the inner side of the surface with lateral acceleration g  4 1010 m/s2 (shot#13247, t¼ 32 ls).
Middle: type I hydrogen jet with g  3 1010 m/s2 but no RT, (shot#11596, t¼ 11ls). Right: type II hydrogen jet with g  1:5 1011 m/s2 having kz  4 cm
RT instability (shot#11754, t¼ 9.7 ls). Images are taken by an IMACON 200 high speed camera in visible light. Magnetic field measurements show that actual
radii of the jets (flux ropes) are 3–5 cm, larger than shown in the visible images.19
032121-2 X. Zhai and P. M. Bellan Phys. Plasmas 23, 032121 (2016)
 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  131.215.70.231 On: Fri, 10 Jun
2016 14:49:51
use linear stability analysis to develop an ideal MHD theory
of Rayleigh-Taylor instability occurring on the surface of a
magnetically collimated plasma-filled flux rope in vacuum
with the presence of a gravity perpendicular to the plasma
axis. We linearly perturb an equilibrium flux rope and
decompose the perturbation into a summation over all azi-
muthal modes. It is found that the lateral gravity breaks the
axisymmetry of the system, and consequentially couples all
the azimuthal modes to each other. This mutual coupling of
all the modes is converted to an eigenvalue problem where
an eigenvector gives the amplitude of each azimuthal mode
of an “eigen-perturbation” and the corresponding eigenvalue
gives the growth rate of this eigen-perturbation. A parameter
U2 ¼ gR=v2Ah quantifies the relative importance of gravity
versus azimuthal (toroidal) magnetic field, where R is the
flux rope radius and vAh ¼ Bh= ﬃﬃﬃﬃﬃﬃﬃl0qp is the toroidal Alfven
speed on the plasma surface. In the weak gravity limit
U2  1, different azimuthal modes are decoupled and the
theory reduces to the classic current-driven instability
(m¼1 kink instability). In the strong gravity limit U2  1,
the theory reduces to the 1D hydrodynamic RT instability
(Eq. (1)) or MRT instability (Eq. (2)). When both gravity
and magnetic field are important, i.e., U2 is of order of unity,
the traditional Rayleigh-Taylor instability is coupled to the
current-driven instability. This new hybrid instability,
denoted as lateral Rayleigh-Taylor-current-driven (RT-CD)
coupled instability, exhibits interesting features such as an
intrinsic 3D geometry and quasi-paramagnetic properties
that cannot be fully explained solely by either of the tradi-
tional instabilities. It is found that extremely small scale per-
turbations are suppressed and an optimal axial wavelength
exists that gives the fastest growth rate. The theory success-
fully explains the Caltech experiments: in the argon plasma
jet configuration, the theory predicts a coupled RT-CD insta-
bility with a kz ¼ 1:2 cm and growth rate c ¼ 3:6 106 s1;
for type I hydrogen jets, the theory shows only kink instabil-
ity; for type II hydrogen jets, the theory shows some RT
effect with a kz  5 cm.
This paper is arranged as follows. In Sec. II, we state the
basic MHD equations and provide an equilibrium solution
before perturbation. In Sec. III, we linearly perturb the equi-
librium state and use the ideal MHD frozen-in flux condition
to connect perturbations inside and outside the plasma.
Section IV converts the partial differential equations to an
eigenvalue problem of infinitely large matrices. In Sec. V,
we solve the eigenvalue problem analytically and numeri-
cally and compare the results with existing theories and the
lab experiments. Section VI summarizes the results and dis-
cusses other potential applications.
II. EQUATIONS AND EQUILIBRIUM STATE
In this paper we will primarily use cylindrical coordi-
nates but will also use Cartesian coordinates from time to
time. The two coordinate systems share a common z axis;
the x and y axes of the Cartesian coordinates have respec-
tive azimuthal angles h¼ 0 and p=2 in the cylindrical
coordinates.
Consider an ideal MHD plasma in the presence of a
lateral gravity field in the y direction. The MHD equations
are
@q
@t
þr  qUð Þ ¼ 0; (3)
q
@U
@t
þ U  rU
 
¼ 1
l0
B  rBr B
2
2l0
rP qgy^; (4)
@B
@t
¼ r U Bð Þ; (5)
where all variables have their conventional meaning. Here,
we assume the lateral gravity g is uniform and time-
independent. In Eq. (4), the Lorentz force J B has been
split into a tension-like term and a pressure-like term.
As shown in Fig. 1, the scale of RT perturbations is
much smaller than the major radius of the curved plasma
tube. Therefore, we consider a straight, infinitely long cylin-
drical plasma tube along the z axis (x ¼ y ¼ 0) which in
equilibrium has radius R. Assume the plasma is incompressi-
ble and the plasma density is uniformly qp inside the cylin-
der. To reduce complexity, we assume that axial current Jz is
confined to the surface of the cylinder. Therefore, B0h ¼ 0
inside the plasma. B0z is continuous across the surface, hence
J0h ¼ 0. Here, the subscript 0 refers to equilibrium quanti-
ties. Outside the plasma is vacuum. Therefore, the density
profile in equilibrium is q0 ¼ qp  HðR rÞ, where H(x) is
the Heaviside step function: H(x)¼ 0 for x< 0 and H(x)¼ 1
for x> 0.
In the experiment, the plasma jet continues to elongate
and the kink instability keeps growing. For an argon jet
experiment, the jet flow rate can be calculated by cf low
 vjet=L  104 s1 where vjet  10 km/s and L  30 cm.
The kink instability grows at a rate of ckink  105 s1 (see
Ref. 20). Both jet flow and kink thus occur at much lower
rates compared to the RT instability. Therefore, we ignore
the flow effect and kink dynamics within the microseconds
duration of RT instability and assume a static pre-RT equi-
librium with the presence of an effective gravity.
Without gravity, the equilibrium is simply a classic Z-
pinch, which has a uniform pressure P0 ¼ B0hðRþÞ2=ð2l0Þ
inside plasma, where B0hðRþÞ is the toroidal field just outside
the plasma tube.2 However, with the gravity, a mechanism that
can support the plasma tube against the gravity is required.
The y component of Lorentz force in Cartesian coordinates is
ðJ BÞy ¼ JzBx  JxBz: (6)
In Appendix A, we show that the first term JzBx corresponds
to the hoop force of an arched flux rope, where the effective
Bx is a natural consequence of the kinked plasma tube bend-
ing as a half torus flux rope. The second term JxBz corre-
sponds to a magnetic buoyancy effect, which requires a
y-dependent axial field BzðyÞ that gives a horizontal current
density Jx. Detailed quantitative analyses in Appendix A also
show that the magnetic field in equilibrium is nearly azimu-
thally symmetric, i.e., the Bx component in the hoop force
scenario and the y-dependent component of Bz are both
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negligible compared to B0h at r ¼ Rþ and B0z along the
z axis. We therefore make an approximation and assume that
the equilibrium magnetic field of the system is
B0 ¼ bzz^ þ bh R
r
H r  Rð Þh^; (7)
where B0z ¼ bzz^ is uniform both inside and outside the
plasma tube, and B0h ¼ bh Rr Hðr  RÞh^ is azimuthally sym-
metric and only exists outside the plasma tube. Without loss
of generality, we assume bz > 0 and bh > 0, which gives a
right-hand helical magnetic field.
The assumption of a surface current Jz is a common
practice in analytical derivations, because this assumption
greatly reduces mathematical complicity while capturing
the key underlying physics (e.g., see Ref. 4). In the experi-
ment, at T  5 eV the Spitzer resistivity is g  104 Xm.
With RT growth rate c  106 s1, plasma skin depth
d  ðg=ð2pcl0ÞÞ1=2  1mm is much less than the plasma jet
radius. A current can theoretically exist with similar thick-
ness near the plasma tube boundary, and hence can be
regarded as a surface current. In a more realistic configura-
tion where axial current density Jz is finite inside the plasma,
a shear of the magnetic field exists in the radial direction
because B0hðrÞ ¼ lIðrÞ=ð2prÞ depends on r as does the pitch
angle a ¼ B0z=B0h. This shear is stabilizing because a para-
magnetic perturbation on plasma surface will not be aligned
with magnetic field inside the plasma.2 Therefore, the sur-
face-current-based equilibrium also gives the most unstable
instability.
III. PERTURBATION AND LINEARIZATION
We now perturb the equilibrium state and use the sub-
script “1” to indicate the first order perturbed quantities.
Consider a random initial perturbations with axial wavenum-
ber k
gkðr; h; z; tÞ ¼ eikz
X
q
eck;qthqðr; hÞ
 
; (8)
i.e., the perturbation may contain multiple modes growing
at different rate ck;q and each mode involves both r and h.
Expand hqðr; hÞ as a summation of all normal modesP
mfmðrÞeimh. For each fixed k, the goal is to find the most
unstable mode q with the largest real part of ck,q, denoted as
ck ¼ maxnck;q. Then find k which maximizes the real part of
ck. In the following derivation, we will omit the summation
symbols by writing all the perturbed quantities in the form of
f ðrÞectþimhþikz, where c is a complex number and m is integer.
Without loss of generality, we assume k> 0.
The perturbed continuity equation reads
cdqþ q0r  dUþ dU  rq0 ¼ 0;
where d	 is the difference between any quantity 	 and its
unperturbed value. The second term corresponds to the plasma
compressibility. There is jq0rdU=ðcdqÞj jq0dUr=ðcRdqÞj
0:11. Here, c3106 s1, R¼3cm, dqq0 based on
recent Stark broadening spectroscopic measurement,24 and
dUr 10km/s estimated from Fig. 3 of Ref. 20. This simple
semi-quantitative analysis shows that the perturbation can be
considered to be incompressible
r  U1 ¼ 0: (9)
This is consistent with the MHD energy principle2,28 which
shows that the most unstable mode is incompressible. The
linearized versions of Eqs. (3)–(5) are
q1 ¼ 
1
c
U1  rq0 ¼ 
1
c
U1r
@q0
@r
; (10)
c
q0
qp
U1 ¼ r P1qp
þ b
2
h
qp
B0  B1
l0
 !
þ b
2
h
qp
B0  rB1
l0
þ b
2
h
qp
B1  rB0
l0
þ g
cqp
U1r
@q0
@r
y^; (11)
cB1 ¼ r ðU1  B0Þ; (12)
where the magnetic field terms are all normalized to bh
¼ B0hðRþÞ, i.e., B0 ¼ B0=bh and B1 ¼ B1=bh. The continu-
ity Eq. (10) has been used to eliminate q1 in the momentum
Eq. (11). Both sides of Eq. (11) have been multiplied by the
constant 1=qp.
We define the toroidal Alfven speed vAh ¼ bh= ﬃﬃﬃﬃﬃﬃﬃﬃﬃl0qpp
and dimensionless parameters
U2 ¼ gR
v2Ah
a ¼ bz
bh
C ¼ c
2R2
v2Ah
x ¼ kR q ¼ ax: (13)
The Alfven speed vAh, the parameter U
2 and a are all deter-
mined by the equilibrium state. a is the pitch angle of the
helical magnetic field on the interface. C is the dimensionless
growth rate; q ¼ ax ¼ kRbz=bh is the safety factor of the per-
turbation with x¼ kR.
We divide Eq. (11) by v2Ah to obtain
c
v2Ah
q0
qp
U1 ¼ r P1 þ B0  rB1 þ B1  rB0
þ U
2
cqpR
U1r
@q0
@r
y^; (14)
where we have defined the effective pressure perturbation
P1 ¼ P1qpv2Ah
þ B0  B1: (15)
The radial and axial components of Eq. (14) are
c
v2Ah
q0
qp
U1r ¼  @
P1
@r
þ B0  rB1 þ B1  rB0ð Þr
þ U
2
cqpR
U1r
@q0
@r
sin h; (16)
c
v2Ah
q0
qp
U1z ¼  @
P1
@z
þ B0  rB1 þ B1  rB0ð Þz: (17)
To compute B1, Eq. (12) is dotted with rh where h is
an arbitrary analytic function. This gives
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crh  B1 ¼ rh  r  ðU1  B0Þ;
¼ r  ððU1  B0Þ  rhÞ þ ðU1  B0Þ  r rh;
¼ r  ðB0U1  rh U1 B0  rhÞ;
¼ B0  rðU1  rhÞ  U1  rðB0  rhÞ: (18)
Taking h¼ r, h ¼ h, and h¼ z in the equation, respectively, and
noting that B0  r^ ¼ 0 and B0  z^ ¼ B0z are constant, we obtain
B1r ¼ 1c
B0  rU1r; (19)
B1h ¼ rc
B0  r U1h
r
 
 U1  r
B0h
r
 " #
; (20)
B1z ¼ 1c
B0  rU1z: (21)
The magnetic field perturbation is therefore expressed in
terms of the equilibrium magnetic field subject to small
motion of plasma, as a direct result of the ideal MHD frozen-
in flux condition.
A. Magnetic field perturbation
In the equilibrium state, J0 ¼ J0zz^ is non-zero only on
the plasma surface. It can be proved that the perturbed cur-
rent J1 is also confined on the surface (See the Appendix B).
Therefore, r B1 ¼ 0 both inside and outside the plasma.
This means that there exists a scalar “potential” v where
B1 ¼ rv and
r2v ¼ r  B1 ¼ 0: (22)
Here, v is a linear perturbation term and has the form of
v P fmðrÞectþimhþikz. Solving the equation in cylindrical
coordinates and requiring regularity at r¼ 0 and þ1 gives
v ¼
X
m
amImðkrÞectþimhþikz r < RX
m
bmKmðkrÞectþimhþikz r > R;
8><
>: (23)
where the summations are over all integers m, ImðxÞ and
KmðxÞ are the modified Bessel functions of the first kind and
the second kind, respectively. In the following content, we
will use Im, Km, I
0
m and K
0
m to represent the corresponding
functions or their first order derivative evaluated at x¼ kR.29
Coefficients am and bm are related by the fact that the
perturbed magnetic field cannot penetrate the surface of
plasma according to the ideal MHD frozen-in flux condition.
This is satisfied by the MHD induction equation (Eqs.
(19)–(21)) plus continuity at the plasma interface. The latter
condition requires that the velocity component orthogonal to
the interface must be continuous across the interface, i.e.,
U1rðRÞ ¼ U1rðRþÞ: (24)
Since B0 ¼ az^ inside plasma and B0 ¼ az^ þ ðR=rÞh^ outside
plasma, Eq. (19) can be written explicitly as
B1r ¼ ikaU1r=c r < RðimR=r2 þ ikaÞU1r=c r > R;

(25)
for each m mode, where we have used z^  r ¼ @z ¼ ik and
h^  r ¼ ð1=rÞ@h ¼ im=r. Equation (23) gives B1rðRÞ
¼ amkI0m and B1rðRþÞ ¼ bmkK0m. Hence
amkI
0
m ¼ ikaU1rðRÞ=c; (26)
bmkK
0
m ¼
im
R
þ ika
 
U1r Rþð Þ=c: (27)
Applying Eq. (24) to Eqs. (26) and (27) gives
bm ¼ mþ q
q
I0m
K0m
am: (28)
The vacuum field is now expressed in terms of the plasma
field.
Inside the plasma, B0 ¼ az^ is uniform so Eqs. (19)–(21)
reduce to B1 ¼ ð1=cÞB0  rU1 ¼ ðika=cÞU1 and
U1 ¼ c
ika
B1: (29)
Equation (17) and the z component of Eq. (29) give
P1 Rð Þ ¼ aþ c
2
ak2v2Ah
 !
B1z Rð Þ ¼ ika 1þ C
q2
 
amIm;
(30)
where C and q are defined in Eq. (13).
Outside the plasma, B0ðRþÞ ¼ az^ þ h^. Hence
P1 Rþð Þ ¼ B0 Rþð Þ  B1 Rþð Þ ¼ B1h Rþð Þ þ a B1z Rþð Þ
¼ im
R
bmKm þ ikabmKm
¼ i
R
mþ qð Þ2
q
I0mKm
K0mIm
amIm; (31)
where Eq. (28) has been used.
IV. RADIAL MOTION JUMP CONDITION AT THE
INTERFACE
The interface region where the current flows is part
of the plasma and so is governed by the MHD equa-
tions, i.e., the momentum equation and the induction
equation.
We integrate the radial motion Eq. (16) across the inter-
face from r ¼ R to Rþ to obtain
0 ¼  P1jRþR þ
ðRþ
R
B0  rB1 þ B1  rB0ð Þrdr
 U
2
cR
U1r Rð Þsin h: (32)
For general cylindrical vectors
F  rGð Þr ¼ Fr
@Gr
@r
þ Fh
r
@Gr
@h
þ Fz @Gr
@z
 FhGh
r
; (33)
and also because B0r ¼ 0 and B0z ¼ a
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B0  rB1 þ B1  rB0ð Þr ¼
im
r
B0h B1r þ ika B1r  2
B0h B1h
r
:
(34)
The second term of Eq. (32) involves an integration
across an infinitesimally thin layer. Only terms behaving like
a delta-function at r¼R contribute to this integration. These
terms must contain a partial derivative at r¼R in the radial
direction. On examination of Eqs. (19)–(21), it is seen that
only B1h is a delta-function type term. To see this, rewrite
Eq. (20) and only keep the term with @r to obtain
B1h ¼  rcU1r
@
@r
B0h
r
 
þ non-delta: (35)
Therefore,
B0  rB1 þ B1  rB0ð Þr ¼
2
c
U1r B0h
@
@r
B0h
r
 
þ non-delta
¼ U1r
cr
@ B
2
0h
@r
þ non-delta: (36)
Integration across the interface givesðRþ
R
B0  rB1 þ B1  rB0ð Þrdr
¼ U1r Rþð Þ
cR
B0h Rþð Þ2
¼ U1r Rþð Þ
cR
¼ U1r Rð Þ
cR
¼ k
iq
amI
0
m; (37)
where Eqs. (24) and (26) have been used.
The last term in Eq. (32) is given by the lateral gravity.
We write sin h ¼ ðeih  eihÞ=2i and expand U1r using
Eq. (26) to obtain
U2
cR
U1r Rð Þsin h
¼ U
2
iakR
eih  eih
2i
X
m
amkI
0
me
imh
¼ U
2k
2q
X
m
amI
0
m e
i mþ1ð Þh  ei m1ð Þh
 	
¼mth U
2k
2q
am1I0m1  amþ1I0mþ1
 	
: (38)
This shows that the lateral gravity breaks the axisymmetry
of the cylindrical system and links the mth mode to the
ðm61Þth modes.
Substitution of Eqs. (30), (31), (37), and (38) into Eq. (32)
gives
0 ¼ ika 1þ C
q2
 
amIm  i
R
mþ qð Þ2
q
I0mKm
K0mIm
amKm
þ k
iq
amI
0
m þ
U2k
2q
am1I0m1  amþ1I0mþ1
 	
: (39)
We multiply by iRq to obtain
mþ qð Þ2 I
0
mKm
K0mIm
amKm þ xamI0m þ
i
2
xU2
 am1I0m1  amþ1I0mþ1
 	 ¼ Cþ q2 	amIm: (40)
The above equation is a very strong condition because it
holds for all integers m. This shows that a normal mode
f ðrÞeimhþikz is in general not an eigen perturbation, or equiva-
lently an eigen perturbation to the system is a combination
of all normal modes. Equation (40) is not to be considered
as a coefficient recurrence relation, because one should not
expect an arbitrary perturbation to precisely satisfy the con-
dition for all azimuthal modes. Instead, Eq. (40) should be
considered as an eigenvalue problem. We define new
coefficients
wm 
 amIm for all integerm; (41)
an infinitely long column vector
w 
 ½   ;w2;w1;w0;w1;w2;…T ; (42)
an infinitely large zero-diagonal-entry tridiagonal matrix
G ¼ Gmnð Þm;n2Z Gmþ1;m ¼ Gm1;m ¼ x
I0m
Im
; (43)
two infinitely large diagonal matrices
M ¼ Mmnð Þm;n2Z Mm;m ¼ mþ qð Þ2
I0m
Im
Km
K0m
; (44)
N ¼ Nmnð Þm;n2Z Nm;m ¼ x
I0m
Im
; (45)
and an infinitely large tridiagonal matrix
Q 
Mþ Nþ i
2
U2G: (46)
Equation (40) becomes
Mþ Nþ i
2
U2G
 
w ¼ Cþ q2
 	
w;
Qw ¼ ðCþ q2Þw: (47)
The infinite matrix Q has an infinite and countable num-
ber of eigenvalues frmgm2Z and eigenvectors fwmgm2Z.
Each eigenvector gives the coefficients famg of an eigen-
perturbation. The growth rate of this eigen-perturbation is
given by the corresponding eigenvalue. All of the eigen-
perturbations form a complete basis and any arbitrary pertur-
bation can always be decomposed into a linear combination
of those eigen-perturbations, and the fastest growing mode is
the eigen-perturbation with the largest positive C. A similar
treatment but for the situations of diapir formation can be
found in Refs. 26 and 27. Note that because of the lateral
gravity and the cylindrical geometry, an eigen-perturbation
contains all azimuthal modes because the matrix Q is non-
diagonal.
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A. Preliminary analysis on stability
We multiply Eq. (40) by ðv2Ah=R2Þ=ðamImÞ to obtain
v2Ah
R2
mþ qð Þ2 I
0
mKm
ImK0m
þ v
2
Ah
R
k
I0m
Im
þ i
2
gk
 am1I
0
m1  amþ1I0mþ1
amIm
¼ c2 þ a2k2v2Ah: (48)
This pre-matrix equation has a one-to-one correspondence
with Eq. (47) and provides more physical intuition.
For x> 0 Im > 0; Km > 0; I
0
m > 0, and K
0
m < 0, so
Mmm< 0, Nmm> 0, Gmþ1;m > 0, and Gm1;m < 0.
All diagonal entries of the diagonal matrix M are nega-
tive. Larger jMmmj results in smaller C and so a more stable
system. The dimensioned version of M is given by the first
term of Eq. (48), hence
Mmm / b
2
h
R2
mþ qð Þ2 ¼ m
R
bh þ kbz
 2
¼ k  Bð Þ2; (49)
where k ¼ kz^ þ ðm=RÞh^ and B ¼ bzz^ þ bhh^ are the instabil-
ity wavevector and magnetic field on the plasma surface,
respectively. Therefore, M represents the stabilizing effect
due to the tension along the magnetic field.
N is a positive-definite matrix and hence destabilizes
the system. The second term of Eq. (48) shows that N is
proportional to v2Ah=R, which can be understood as the cen-
trifugal acceleration a test particle experiences when travel-
ing around the r¼R interface at the Alfven speed vAh.
Therefore, the destabilizing effect is a result of “bad” curva-
ture of the azimuthal magnetic field on the circular plasma-
vacuum interface. The destabilizing effect leads to a tradi-
tional current-driven instability.
The gravity term iG does not have a simple stabilizing or
destabilizing effect. Since G is similar to a skew-symmetric
matrix and iG is similar to a Hermitian matrix, all the eigen-
values of iG are pure real and they are in positive-negative
pairs, i.e., if k > 0 is an eigenvalue then k is also an eigen-
value. Positive eigenvalues correspond to a destabilizing
effect, and negative ones stabilize the system. This can be
understood intuitively by considering a perturbation occurring
around the cylindrical plasma: the perturbation on the “top”
of the surface (i.e., y> 0) undergoes a stable oscillation, and
a perturbation on the “bottom” of the surface (y< 0) under-
goes a RT instability. Another important feature of iG is that
it is the only non-diagonal matrix in Eq. (47). The first sub-
diagonal and super-diagonal entries of iG are nonzero.
Therefore, any azimuthal mode m is coupled with neighboring
modes m 1 and mþ 1 due to iG, and hence all azimuthal
modes are coupled.
The second term of the RHS of Eq. (48), a2k2v2Ah, is pro-
portional to k2b2z and hence corresponds to tension along the
axial magnetic field. This term helps to reduce c2 for fixed C
and therefore stabilizes the system.
As a short summary, Bz and Bh help stabilize the system
because of magnetic tension; however, the “bad” curvature
of Bh destabilizes the system; the gravity term has a dual
effect which stabilizes some perturbations and destabilizes
others; the gravity term also breaks the azimuthal symmetry
and couples all azimuthal modes.
B. Comments on the matrix equation
Equation (47) involves infinitely large matrices that can-
not be solved directly. However, in practice, approximate
solutions can be obtained by truncating the matrices. We
define a series of finite matrices
Qp 
 ðQmnÞpm;np; p ¼ 1; 2; 3;… (50)
For each integer p, Qp is a ð2pþ 1Þ by ð2pþ 1Þ square tri-
diagonal matrix. We solve the eigenvalue problems Qpw
q
p
¼ rqpwqp in a complex space, where q 2 f1; 2;…; 2pþ 1g is
the index of the eigenvalues and eigenvectors of Qp. We sort
the eigenvalues in descending order by their real parts, i.e.,
realðr1pÞ      realðr2pþ1p Þ. We solve the above systems
with successively increasing p and look for limits
lim
p!þ1r
1
p ! r1; limp!þ1w
1
p ! w1: (51)
We numerically verify that the above limits always exist
because M has a very strong stabilizing effect to large jmj.
r1 gives the growth rate of the fastest growing mode by
C ¼ r1  q2, while w1 gives the coefficients of each azi-
muthal mode of the fastest growing mode. If there exist
some mechanism inhibiting high-order azimuthal modes, p
can be chosen to be the highest permitted azimuthal mode
number. In this paper, we choose p¼ 70.
In the derivation we have assumed that g is constant
because the experiment cannot resolve the time-dependent
profile of g. Equation (47), although derived assuming con-
stant g, in fact remains valid at any time snapshot if g is
time-dependent. However the growth rate C and eigenvec-
tors w are now also time-dependent because U2 changes
with time.
V. SOLUTIONS
We now solve Eq. (47). We first consider several special
cases where either gravity or the magnetic field is weak. In
these cases, some analytical solutions can be obtained using
short or long wavelength approximations. Then we numeri-
cally solve the truncated matrix equation for general cases.
A. Weak gravity or strong toroidal magnetic field limit
The limit of weak gravity or strong toroidal magnetic
field is defined by U2 ¼ gR=v2Ah  1, or equivalently
g  v2Ah=R. In this limit, Eq. (47) becomes
ðMþ NÞw ¼ ðCþ q2Þw: (52)
Since bothM and N are diagonal matrices, each eimh mode is
now an eigen mode of the system because there is no gravity
breaking the axisymmetry. The growth rate of the mth mode
simply is
C ¼ Mmm þ Nmm  q2; (53)
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c2 ¼ v
2
Ah
R2
mþ qð Þ2 I
0
mKm
ImK0m
þ x I
0
m
Im
 q2
 !
: (54)
The marginal stability is given by
mþ qð Þ2 I
0
mKm
ImK0m
þ x I
0
m
Im
 q2 < 0: (55)
At this point, we have returned to the textbook current-
driven MHD instability. Equation (10.171) in Ref. 2 shows
that for such system in no-walled vacuum, the marginal sta-
bility is given by
kR
b2z
b2h
Im
I0m
 mþ qð Þ
2
kR
Km
K0m
> 1: (56)
After multiplying by xðI0m=ImÞ on both sides the inequality
becomes identical to Eq. (55). Therefore, the theory reduces
to classic current-driven MHD instability in the weak gravity
limit. In the long wavelength approximation k2R2  m, the
modified Bessel functions give I0m=Im  jmj=x and K0m=Km
 jmj=x (Ref. 29). Equation (54) becomes
c2 ¼ v
2
Ah
R2
 mþ qð Þ2 þ jmj  q2

 
; (57)
which is positive for m¼1 when q< 1. This is the classic
m¼1 kink instability.
B. Strong gravity or weak toroidal magnetic field limit
In the limit of U2  1 or equivalently g  v2Ah=R,
Eq. (47) becomes
i
2
U2Gw ¼ Cþ q2
 	
w: (58)
Consider the short wavelength approximation kR  p2
with the matrix G intentionally truncated at 6p. In this limit
I0m=Im  1 for jmj  p (Ref. 29). Hence, all the sub-diagonal
entries of Gp are x and all the super-diagonal entries are x.
iGp is then a Toeplitz matrix and the eigenvalues are
2x cosðkp=ð2pþ 2ÞÞ, where k ¼ 1;…; 2pþ 1 (Ref. 30). The
largest eigenvalue of iG is 2x. So
C ¼ xU2  q2 ¼ xU2  a2x2; (59)
c2 ¼ gk  b
2
z k
2
l0q0
¼ gk  v2Azk2; (60)
where vAz ¼ bz= ﬃﬃﬃﬃﬃﬃﬃﬃﬃl0qpp ¼ avAh. This is the 1D MRT theory
for the undular mode along the axial direction. In the zero
field limit bz¼ 0, the short wavelength approximation gives
c2 ¼ gk, which is the 1D hydrodynamic RT instability. The
short wavelength approximation emphasizes axial perturba-
tion and ignores azimuthal perturbation. This explains why
under short wavelength approximation the theory is identical
to 1D MRT.
The maximum of C or c2 occurs for x that satisfies
dC=dx ¼ 0. From Eq. (60) this maximum is obtained at
x ¼ U2=ð2a2Þ maxC ¼ U4=ð4a2Þ;
k ¼ g=ð2v2AzÞ max c ¼ g=ð2vAzÞ: (61)
It is notable that Eq. (58) is an ill-posed problem unless
G is truncated. Otherwise there are always sufficiently large
integers p so that the short wavelength approximation fails.
The extreme case is when the long wavelength approximation
is valid, i.e., kR  ﬃﬃﬃpp ; Gpþ1;p ¼ xI0p=Ip  jpj. Therefore, the
non-zero elements of G diverge as p ! þ1, and so do the
eigenvalues.
C. Lateral Rayleigh-Taylor-current-driven coupled
instability in cylindrical MHD collimated plasma
We have shown that the solution reduces to the conven-
tional current-driven MHD instability and the 1D hydrody-
namic/magnetic Rayleigh-Taylor instability when either
gravity or (toroidal) magnetic field is neglected. When both
gravity and magnetic field are present, the two instabilities
are expected to couple together and give a RT-CD coupled
instability.
In the Caltech plasma jet experiment, a typical argon jet
has ne ¼ ni ¼ 1022 m3, Iz¼ 60 kA, R¼ 3.5 cm, Bz ¼ 0:2T
so Bh ¼ 0:34 T. Hence a ¼ 0:583. A typical effective gravity
is g ¼ 4 1010 m/s2 (See Ref. 20) hence ﬃﬃﬃﬃﬃﬃgRp ¼ 34:6 km/s.
Other system parameters are vAz¼ 6.9 km/s, vAh ¼ 11:8 km/s
and U2 ¼ 10. For type I hydrogen jet with the same g and R,
the parameters are vAz¼ 43.6 km/s, vAh ¼ 74:8 km/s and
U2 ¼ 0:25. It is seen that due to the different ion weight, the
gravity effect is important in the argon jet while the current-
driven effect dominates in type I hydrogen jet.
Despite the complexity of the theory, Eq. (47) has only
three free parameters. Given x, U2 and a (or kR, gR=v2Ah and
bz=bh), the three matrices M, N, and G are uniquely deter-
mined. Therefore, for a given equilibrium, the growth rate of
the RT-CD coupled instability is determined solely by the
axial perturbation scale kR.
Using the parameters of argon and type I hydrogen jet
for g ¼ 4 1010 m/s2, we show in Fig. 2 the instability
growth rate as a function of kR (thick solid curve). Also
shown are the instability growth rate in the weak gravity
limit, strong gravity limit, and zero field limit. For further
comparison, Fig. 2 also plots growth rates of the 1D MRT
(equivalently, the 2D MRT in undular mode) and the 1D
hydrodynamic RT (equivalently, the 2D MRT in interchange
mode); the former has c2 ¼ gk  v2Azk2 while the latter has
c2 ¼ gk.
In both argon and hydrogen jet configurations, very
small wavelength perturbations are always suppressed and
the peak growth rate occurs at a finite axial wavelength. This
is fundamentally different from the 1D hydrodynamic RT
instability and the interchange mode of 2D MRT instability.
In the argon plasma jet configuration, U2 ¼ 10:0 and the
instability shows strong coupling between RT instability and
CD instability. The growth rate of this coupled instability is
faster than CD instability because of the effective gravity. At
long axial wavelength limit (kR ! 0), 1D HD/MHD RT
theory gives diminishing growth rate but the RT-CD coupled
instability still has large and finite growth rate because RT
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perturbation can develop along the azimuthal direction in the
cylindrical interface. On the other hand, the RT-CD instabil-
ity grows slower than the strong gravity (zero toroidal field)
limit or zero field limit, showing the stabilizing effect due to
magnetic field Bz and Bh.
The fastest growth rate of RT-CD instability for argon
plasma jet is C ¼ 115:6 at kR¼ 18.0, corresponding to a
dimensioned growth rate c ¼ ðvAh=RÞ
ﬃﬃﬃ
C
p ¼ 3:6 106 s1 at
kz ¼ 1:22 cm. This is very close to the experimental measure-
ment that c  106 s1 and kz  1 2 cm. The 1D MHD RT
theory predicts the maximal growth rate as C ¼ U2=ð4a2Þ
¼ 73:4 at kR ¼ U2=ð2a2Þ ¼ 14:7 or c ¼ 2:9 106 s1 at
kz ¼ 1:5 cm. It is seen that the 1D MHD RT theory does pro-
vide a reasonable approximation to RT-CD theory, despite the
big discrepancy between the two at small kR because of lack of
degree of freedom in the azimuthal direction.
The weak gravity limit describes current-driven MHD
instabilities such as m¼1 kink instabilities. As shown
in Fig. 2, the CD instability growth rate of the argon jet is
10–100 times slower than the RT-CD coupled instability.
The fastest growth rate in the weak gravity limit is c ¼ 3
105 s1 at kR¼ 1.18 or kz ¼ 18:7 cm, in excellent agree-
ment with the experimental measurement.20
In type I hydrogen jet configuration U2 < 1 due to the
low ion mass. Figure 2 confirms that the RT-CD instability in
hydrogen jet is essentially reduced to the weak gravity limit.
This explains why distinct RT-like ripple is not observed in
most hydrogen jet experiments with g < 1011 m/s2. The fast-
est growth rate is c ¼ 2:1 106 s1 at kz ¼ 11:5 cm. Unlike
the argon plasma jet case, the 1D MHD RT theory does not
apply to the hydrogen jet system at all.
D. Quasi-paramagnetic property
The classic current-driven instability is paramagnetic in
the long wavelength approximation. The surface wavevector
k ¼ kz^ þ mh^=R is perpendicular to magnetic field B ¼ bzz^
þ bhh^ on plasma surface, i.e., k  B ¼ kbz þ mbh=R ¼ 0. This
requires a negative m and thus a right handed perturbation. The
surface current after perturbation has an additional right handed
part, which enhances the equilibrium axial field.23 The 2D
MRT instability allows wavevectors in random direction.
However, the interchange mode having wavevector perpendicu-
lar to the magnetic field grows fastest because it is not sup-
pressed by the magnetic tension. The interchange mode does
not modulate the equilibrium magnetic field. The hydrody-
namic 1D Rayleigh-Taylor instability does not involve a
magnetic field. In an MHD collimated cylindrical plasma con-
figuration, it is of interest to study the paramagnetic property of
RT-CD coupled instability on the curved interface. To see this,
we define the spectrum of the fastest eigen-perturbation as
f mð Þ ¼ jw
1
mjP
j2Zjw1j j
m ¼ 0;61;62;…; (62)
where w1 is the eigenvector of Q corresponding to the larg-
est eigenvalue r1. Because vðr ¼ RÞ ¼Pmwmectþimhþikz;
f ðmÞ  jw1mj is the amplitude of the mth azimuthal mode on
the plasma surface. We also define the average azimuthal
mode number m ¼Pmmf ðmÞ and spectral width (standard
deviation) SD ¼ ½Pmðm mÞ2f ðmÞ1=2 to quantify how con-
centrated the spectrum is.
Figure 3 shows the spectra of the fastest growing RT-
CD eigen-perturbation of argon and type I hydrogen plasma
jet. The spectrum of argon jet reveals a Gaussian profile
centered at m ¼ 13:8 with width SD¼ 3.39, and the hydro-
gen jet spectrum is sharply centered at m ¼ 1:56 with SD
¼ 0.75. This is consistent with the previous discussion that
gravity breaks the axisymmetry and links different m modes
together. In a relatively strong gravity case like the argon
jet, U2 ¼ 10, gravity is able to create a wide spectrum from
m  23 to m  5. In a weak gravity case like the hydro-
gen jet, U2 ¼ 0:25, the current-driven instability dominates
and gives a sharp spectrum centered between m¼1 (kink)
and m¼2. Figure 3 also demonstrates the validity of trun-
cating the matrix Q at p¼ 70 because both spectra are essen-
tially zero below m¼25 or above m¼ 1.
FIG. 2. Instability growth rate as a function of axial perturbation wave num-
ber/wavelength for Caltech argon plasma jet with U2 ¼ 10 (top panel) and
hydrogen plasma jet with U2 ¼ 0:25 (bottom panel). a ¼ 0:58 for both cases.
The growth rates are computed using: (1) RT-CD coupled theory for cylindri-
cal plasma (Eq. (47), thick solid curve); (2) weak gravity limit (U2 ¼ 0, Eq.
(54), thick dotted-dashed curve); (3) strong gravity limit (N and M omitted,
Eq. (58), thick dotted curve); (4) zero field limit (Eq. (58) with q¼ 0, thick
dashed curve); (5) 1D MHD RT theory in axial direction (Eq. (60), light
dashed curve); and (6) 1D hydrodynamic RT theory c2 ¼ gk (light solid
curve). The bottom abscissa is the dimensionless variable kR, and the top ab-
scissa gives the dimensioned wavelength kz ¼ 2p=k with R¼ 3.5 cm. The left
ordinate is the dimensionless growth rate C ¼ c2R2=v2Ah, and the right one is
the dimensioned rate c.
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The average mode number m is negative for both argon
and hydrogen jets so the instability is paramagnetic. The inner
product of averaged surface wavevector k ¼ kz^ þ mh^=R
and magnetic field B ¼ bzz^ þ bhh^ is k  B ¼ kzbz þ mR bh¼ bhðqþ mÞ=R. Calculation shows that q ¼ ax ¼ 10:5 for
the argon jet and q¼ 1.12 for the hydrogen jet. For both jets,
the safety factor q does not completely cancel m so k  B 6¼ 0,
different from the conventional CD instability or the inter-
change mode of a 2D MRT instability. Further calculation
shows that k  B=jkjjBj ¼ 0:126 for the argon jet and
0.154 for the hydrogen jet, giving angles of 97:2 and 98:9
between k and B on the plasma surface. We call this property
quasi-paramagnetic, because it is slightly different from the
paramagnetic behavior of the CD instability. There is a small
but finite angle between the magnetic field and the direction
of constant instability phase on the plasma surface. This
imperfect alignment is a result of the curved interface because
on a planar interface the fastest growing modes (interchange
modes) always have k  B ¼ 0.
E. Visualization of the instability
Figure 4 shows in both 2D and 3D the perturbed surface
of argon and type I hydrogen jets given by U1r  @v=@r
FIG. 4. Pattern of fastest growing eigen-perturbation of argon jet (top) and
hydrogen jet (bottom) from z¼ 0 to 0.2m. The 2D images are U1rðh; zÞ eval-
uated at plasma surface. The 3D surfaces show the plasma boundary under
the fastest growing eigen-perturbation. The black curves illustrate the mag-
netic field line at the plasma boundary.
FIG. 3. Spectra of the fastest growing eigen-perturbation for argon jet con-
figuration (solid dots) and hydrogen jet configuration (open circles). The
spectrum is defined in Eq. (62). Two Gaussian functions with means and
standard deviations calculated using the spectra are also plotted for
comparison.
FIG. 5. Velocity and magnetic field of the fastest growing eigen-
perturbation of argon jet solution. The top two panels are cross-sectional
view on y – z plane at x¼ 0: The background color illustrates azimuthal
component (U1h or B1h) and arrows on top represent radial and axial compo-
nents of U1 or B0 þ B1. The bottom six panels are cross-sectional view on x
– y plane at z¼ 0, z ¼ kz=4 and z ¼ kz=2, where kz ¼ 1:22 cm is the axial
wavelength of the instability. The locations of these three slices are also
marked in the top two panels by thin dashed horizontal lines. In the bottom
six panels, the color images are U1z or B1z and arrows represent radial and
azimuthal components of U1 or B1. The thick dashed lines/curves in each
plot are unperturbed surface and the thick solid curves are perturbed surface.
Blue/cyan color represents component into the paper and red/yellow color
represents component out of the paper. Arrow length is proportional to field
strength.
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PmwmðI0m=ImÞeikzþimh. The instability disturbs the argon
jet surface primarily around h ¼ 3p=2 because gravity is in
the y^ direction. The instability on the hydrogen jet surface
occurs at all h, because it is a current-driven dominant insta-
bility. The gravity nevertheless enhances the perturbation
around h ¼ 3p=2 as well. The surface magnetic field (thick
black curves) is approximately parallel to the phase of the
instability. The argon jet instability shows strong coupling
between RT and CD effect. The hydrogen jet case is very
similar to a pure m¼2 CD instability.
Figure 5 shows the cross-sectional view of velocity and
magnetic field under the fastest growing eigen-perturbation
inside argon plasma. The figure demonstrates an intrinsic 3D
geometry of RT-CD coupled instability. Unstable deforma-
tion occurs in both axial and azimuthal direction. The top
right panel clearly shows that the poloidal (radial and axial)
components of magnetic field remain parallel to plasma
surface under perturbation, because of the frozen-in flux
requirement. Consequently, the xy-cross-sectional view (bot-
tom six panels) shows amplification in Bz when there is an
inward velocity (U1r < 0) and vice versa. Finite azimuthal
magnetic field is created inside the plasma because of defor-
mation of the surface current.
F. Comprehensive view of RT-CD coupled instability
As this point we have shown two special cases with
U2 ¼ 0:25 and U2 ¼ 10 and a ¼ 0:583. In general cases, we
define CðU2; a; xÞ as the fastest growing solution of Eq. (47)
for given U2, a and x, i.e., CðU2; a; xÞ ¼ r1  a2x2 where r1
is the largest eigenvalue of matrix Q.
Now consider a system with U2 and a subject to a ran-
dom perturbation that contains all possible x¼ kR compo-
nents. Those components that give CðU2; a; xÞ > 0 are
unstable and grow exponentially fast. The component x that
gives the largest positive CðU2; a; xÞ, denoted as x	, grows
faster than all other components, and is therefore the domi-
nant component. Hence
x	ðU; aÞ ¼ x thatmaximizesCðU2; a; xÞ: (63)
We further define
C	ðU2; aÞ ¼ max
x0
CðU2; a; xÞ ¼ CðU2; a; x	Þ; (64)
m	ðU2; aÞ ¼ m of x	 eigen–perturbation; (65)
SD	ðU2; aÞ ¼ SD of x	 eigen–perturbation: (66)
We solve for C	; x	; m	, and SD	 over a wide range of
U2 and a and show the results in Fig. 6. The argon jet config-
uration (U2 ¼ 10; a ¼ 0:585) and type I hydrogen jet config-
uration (U2 ¼ 0:25; a ¼ 0:583) are marked in the plots. Also
marked is type II hydrogen jet configuration (as “H(2)”) with
g ¼ 3 1011 m/s2 and so U2 ¼ 1:89. Unlike type I hydrogen
jet, this type II hydrogen jet is observed to develop
kz ¼ 3–5 cm RT-type ripples in the experiment.
There are two interesting domains in the parameter
space that existing theories have already solved.
G. Classic current-driven instability dominated
domain
The lower half portion of each plot in Fig. 6 has U2  1
and is the current-driven instability dominated domain. The
impact from gravity is much weaker than that from toroidal
field, hence the instability is weakly dependent on U2 in this
domain. Type I hydrogen jet experiment is located in this do-
main ( symbol). For cases with relatively strong axial field,
e.g., a > 0:6, the instability occurs with a long axial wave-
length (small x	), and the instability is the standard m¼1
kink instability with very sharp spectra. For weak axial field
cases (small a), large k and high m modes can develop, but
the spectrum remains sharply distributed around the peak
FIG. 6. Solution of log10C
	 (upper
left), log10x
	 (upper right), m	 (lower
left), and SD	 (lower right) in the
0:0625  U2  16 and 0:2  a  5
domain. For each ðU2; aÞ, we scan x
from 102 to 103 and find x	 that maxi-
mizes CðU2; a; xÞ. The xy axes are
both in log scale. Matrix Q is truncated
at p¼ 70 in the calculation. Since
p¼ 70 is about 4 times the maximal
standard deviation away from the max-
imal mean mode number (max SD	
¼ 6:5 and max j m	j ¼ 45), the trunca-
tion is valid. The  and  symbols
mark the location of argon and type I
hydrogen plasma jet configuration
with g ¼ 4 1010 m/s2 in the ðU2; aÞ
parameter space. The  symbols mark
type II hydrogen configuration with
g ¼ 3 1011 m/s2.
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mode, because weak gravity cannot efficiently couple differ-
ent azimuthal modes.
H. Classic Rayleigh-Taylor instability dominated
domain
The upper left corner of each subplot (large U2 and small
a, or weak Bz and Bh) is the Rayleigh-Taylor instability domi-
nated domain. The instability occurs with large x	 (small axial
wavelength), as well as large and broad azimuthal spectrum
(small scaled azimuthal perturbations). These results are con-
sistent with the classic Rayleigh-Taylor instability theory
where small scale perturbations have larger growth rates.
Equation (61) shows that under the strong gravity limit and
short wavelength approximation, the maximum of C is
obtained at x	 ¼ U2=ð2a2Þ as C	 ¼ U4=ð4a2Þ. These match
with the behaviors of C	 and x	 for large U2 and small a.
More specifically, in the upper left corner of the subplots, con-
tours of C	 have slope dðlogU2Þ=dðlog aÞ ¼ 1 and contours
of x	 have slope dðlogU2Þ=dðlog aÞ ¼ 2, consistent with the
1D MHD RT theory.
Figure 6 shows a continuous transition from m¼1 long
wavelength kink instability (lower right portion) to 1D hydro-
dynamic/magnetic Rayleigh-Taylor instability (upper left
corner). The argon jet configuration (U2 ¼ 10) and type II
hydrogen jet (U2 ¼ 1:89) are located in the transition region.
The former case has been discussed in Sec. VC. For the latter
case, the theory gives x	 ¼ 4:3 or kz ¼ 5 cm, consistent with
the experiment. In general, when a lateral gravity field is
applied to an MHD confined flux rope, the Rayleigh-Taylor
and current-driven instability are intrinsically coupled and a
unified theory of RT-CD instability on cylindrical geometry
should be considered.
VI. SUMMARYAND DISCUSSION
By using linear stability analysis, we have established
an analytic theory of a hybrid lateral Rayleigh-Taylor-cur-
rent-driven coupled instability of an incompressible MHD
collimated cylindrical plasma (flux rope) in the presence of a
lateral gravitational field. This RT-CD coupled instability is
affected by magnetic field tension, curvature, and gravity.
The coexistence of lateral gravity and cylindrical geometry
leads to a complex coupling of all azimuthal modes of the
cylinder, a fundamentally different situation compared to
results from a 1D or 2D planar interface. The coupled insta-
bility reduces to the classic current-driven instability in the
weak gravity limit and to the conventional hydrodynamic or
magnetic RT instability in the strong gravity limit. In the
general case, the RT and current-driven instabilities are
coupled and result in a new hybrid instability.
A useful parameter U2 ¼ l0q0gR=b2h is defined to quan-
tify the relative importance of gravity versus toroidal mag-
netic field. This parameter is interesting because it includes
magnetic field, curvature, plasma density, and gravity, and is
completely determined by the equilibrium state. U2 can be
written as U2 ¼ ðq0gRÞ=ðb2h=l0Þ, which is the ratio of gravi-
tational energy density to toroidal magnetic energy; or it can
be written as U2 ¼ g=ðv2Ah=RÞ, the ratio between real gravity
and effective gravity due to the curvature of the toroidal
magnetic field. g is responsible for the RT instability and
v2Ah=R is responsible for the current-driven instability. U
2
describes whether a flux rope is more susceptible to the RT
instability (if U2  1) or the current-driven instability
(if U2  1), or coupled instability (U2  1).
The RT-CD instability is quasi-paramagnetic since m is
negative. The instability wavevector k is nearly perpendicu-
lar to the surface magnetic field B so the instability phase is
roughly constant along the magnetic field. Note that on a 2D
planar interface k  B ¼ 0 corresponds to the interchange
mode and the instability is essentially identical to the hydro-
dynamic situation. In cylindrical geometry, the magnetic
field prefers a perpendicular k at the bottom of the flux rope,
but as the perturbation extends to other parts of the cylinder,
gravity is no longer perpendicular to the interface or can
become stabilizing. The combination of magnetic field, cy-
lindrical geometry and gravity can suppress high k modes
even when k is nearly perpendicular to B.
The RT-CD coupled instability theory successfully
explains the experimental observation (Fig. 1). For the argon
jet, the theory predicts kz ¼ 1:22 cm with growth rate
c ¼ 3:6 106 s1; for type I hydrogen jet the theory shows
that the RT effect is not important and the instability is domi-
nantly current-driven; for type II of hydrogen jet with much
larger lateral acceleration, the theory shows RT-CD coupled
instability with kz  5 cm. Conventional MRT instability
theory that only considers axial magnetic field and axial per-
turbation is able to explain the argon jet, but fails to consider
interchange mode or explain hydrogen jets.
Figure 6 shows comprehensive results of RT-CD
coupled instability in a large parameter space and illustrates
a smooth transition from CD to RT. This figure can be used
as function tables for c	ðU2; aÞ; x	ðU2; aÞ; m	ðU2; aÞ, and
SD	ðU2; aÞ, because it is difficult to obtain relatively simple
explicit functions to approximate the results from the large
matrix equations.
This lateral RT-CD coupled instability could be applica-
ble for many situations where there is a flux rope presented
in a lateral (effective) gravity. Consider a stationary curved
flux rope with minor radius a and major radius b. Assume the
axial magnetic field is Bb and azimuthal magnetic field around
the plasma axis is Ba (Fig. 7(a)). The curvature of the plasma
axis is 1=b. We define Alfven speeds vAa ¼ Ba= ﬃﬃﬃﬃﬃﬃﬃl0qp and
vAb ¼ Bb= ﬃﬃﬃﬃﬃﬃﬃl0qp . An effective lateral gravity gb ¼ v2Ab=b
is applied perpendicular to the flux rope axis, pointing in the
direction from the curvature center to the flux rope, as indi-
cated by the big arrows in Fig. 7(a). This configuration is anal-
ogous to a straight flux rope subject to a lateral gravity
as shown in Fig. 7(f). Therefore, the outer surface of the
curved flux rope can develop curvature-driven RT instability
(Fig. 7(b)). The characteristic parameter U2 in this configura-
tion is U2 ¼ gb=ðv2Aa=aÞ ¼ aB2b=ðbB2aÞ or U2 ¼ Bb=ðTBaÞ
¼ b=ðT2aÞ, where T ¼ bBa=ðaBbÞ is a number of twists of
the surface helical magnetic field around the axis. If Bb  TBa
then a RT-CD coupled instability is expected. If Bb  TBa,
the flux rope is subject to kink instability (Fig. 7(e)). In the
process of flux emergence in the solar corona, a flux rope with
a curved axis exists. A typical configuration has b  2a
and T  2 (e.g., see Ref. 31). Hence U2  0:5 and a  1.
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Figure 6 shows that for this configuration the fastest growing
mode has ka¼ 0.7 and averaged mode number m	 ¼ 1:2
with spectrum width SD	 ¼ 0:75. Hence, the RT effect is
weak and the instability is essentially an m¼1 kink instabil-
ity. In a configuration with larger b and fewer twists,
our theory predicts that the RT-CD hybrid instability can de-
velop on the outer edge of the flux ropes. For example,
curvature-driven Rayleigh-Taylor instability on the top of so-
lar prominence is studied in theory and is proposed as cause
of prominence destabilization and fast magnetic reconnec-
tion.32,33 In Ref. 33, an effective gravity due to the curvature
of high-beta prominence g ¼ V2k=R is considered, where Vk is
the thermal velocity along the magnetic field. The resulted
RT instability is also called ballooning instability,32,33 in anal-
ogy to the ballooning mode in magnetic controlled fusion
devices. However, in Refs. 32 and 33, concepts of RT and
MRT instability of planar interface were used for qualitative
or quasi-quantitative analysis. We suggest that the cylindrical
geometry is crucial.
Quiescent prominences, believed to be supported by
magnetic curvature, can also develop Rayleigh-Taylor insta-
bility due to solar gravity.34 This configuration, illustrated in
Fig. 7(c), has curved magnetic fields supporting the structure
against gravity, and the equilibrium is susceptible to RT-CD
coupled instability at the bottom of the flux rope (Fig. 7(d)).
Previous theoretical work by Blokand and Keppens shows
that the prominence flux rope under gravity can have insta-
bilities that couple different m modes.35 3D numerical simu-
lations have successfully reproduced the fingers/plumes/
bubbles structures generated by the RT instability.36–38 The
analytical RT-CD theory presented in this paper is expected
to provide more insight into the early phase of these
phenomena.
Another potential application is coronal mass ejection
(CME), where a flux rope is erupting due to some MHD
instability such as the torus instability.39 As the flux rope is
expanding exponentially fast, a lateral effective gravity due
to the acceleration is applied on the flux rope pointing oppo-
site to the direction of expansion (Fig. 7(c)). This configura-
tion is very similar to the Caltech plasma jet experiment.
A high resolution observation from SDO40 shows a bright
helical brightening with 3–4 turns occurs at 7:24:12 UT
below the apex of the prominence of the 2011 Feb 24 CME
in active region NOAA 11163. In Ref. 40, this helical bright-
ening is attributed to helical kink instability and is believed
to trigger formation of two blobs that later on erupt to give
the CME. At 7:30:36 UT some ripple-like fine structures
and several helix turns can be seen at inner edge of blob
“B.” The two blobs accelerated from 100–200 km/s to
600–1000 km/s in about 2min, resulting in an effective
gravity g  200–500 (km/s)/(min) or 3300–8300m/s2. This
exceeds the solar surface gravity 274m/s by a factor of
12–30, see Figs. 1 and 4 in Ref. 40 for details. The facts
that the helical brightening occurs on the inner edge of the
apex of the prominence and the helix turns exist at the inner
edge of blob “B” suggest that there could be some RT effect
(Fig. 7(d)) coupled in the phenomena. Precise estimation of
U2 is not applicable due to lack of detailed measurement,
especially of the magnetic field. But a rough estimate gives
U2 ¼ 2:2 g
500 km=s=min
 
 ne
1011 cm3
 
 R
5Mm
 
 20G
Bh
 2
; (67)
where the nominal quantities listed in the equation are based
on values given in Ref. 40. With these nominal quantities,
U2  2. Therefore, it is likely that the lateral Rayleigh-
Taylor-current-driven instability exists. Figure 6 shows that
for U2 ¼ 2 and a ¼ 0:4, the averaged mode number of
the RT-CD instability is m	  4:5 with kR¼ 10 and the
growth rate is c	  13. This corresponds to an axial perturba-
tion scale kz ¼ 2pR=ðkRÞ ¼ 0:64R ¼ 3:2Mm and growth
rate c¼0:1s1 for ne¼1011cm3, R¼5Mm and Bh¼20 G.
The growth rate is consistent with the life time of the helix
turns observed in “blob” B, which is on the order of 20s.
Higher resolution observation is nevertheless necessary to
identify whether the phenomena is indeed a RT-CD coupled
instability, or just a pure kink. This is because the RT-CD
coupled instability is also paramagnetic and could be confused
with a current-driven instability. However, if high resolution
observation is indeed able to distinguish the two instabilities,
it can be used to estimate the magnetic field configuration of
the system using the RT-CD theory.
Numerical simulation of buoyant magnetic flux tube in
solar convection zone has found a mushroom-shaped RT-
type disturbance at bottom of the flux tube,41,42 and this RT-
type disturbance is significantly stabilized by adding more
toroidal magnetic field. This is consistent with the RT-CD
theory because larger toroidal magnetic field gives smaller
U2 and hence the RT effect is weaker. As the flux tube
emerges from the convection zone to the solar corona, a fila-
mentary structure can form at the top of the emerging flux
tube as a result of MRT instability43,44 under solar gravity.
FIG. 7. Configuration of a curved flux rope with minor radius a, major ra-
dius b, axial magnetic field Bb, and azimuthal field Ba. Lateral gravity can be
caused by magnetic field curvature (panel A), real gravity or lateral accelera-
tion (panel C). Configurations A and C are analogous to a straight flux rope
(panel F) with lateral gravity. Flux rope A can develop RT instability similar
to panel B and flux rope C can have RT instability similar to panel D. If the
gravity effect is weak, the flux rope can undergo kink instability like shown
in panel E.
032121-13 X. Zhai and P. M. Bellan Phys. Plasmas 23, 032121 (2016)
 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  131.215.70.231 On: Fri, 10 Jun
2016 14:49:51
The filamentary structure is found to be parallel to the sur-
face magnetic field, consistent with the interchange mode
of MRT instability. We suggest that the geometry of the cy-
lindrical emerging flux may also be important and could
modulate the behavior of the RT instability. However, we
admit that the RT-CD theory presented in this paper should
not be directly used in situations such as a buoyant and
emerging flux tube, because in these cases the flux tube is
surrounded by plasma that can be denser than the flux tube.
Nevertheless, the theory suggests that in cylindrical geome-
try the RT could be fundamentally different from 2D planar
case.
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APPENDIX A: EQUILIBRIUM SOLUTION
In this section, we consider two scenarios that can accel-
erate the plasma tube in lab frame, or equivalently support
the plasma against gravity in the frame of plasma. The first
scenario includes the hoop force JzBx term in Eq. (6) and the
second scenario considers the magnetic buoyancy JxBz term
in Eq. (6).
1. Hoop force scenario
In the experiment, the acceleration of the kink is caused
by the hoop force. Consider each part of the kink as a half
torus. The flux surfaces at the cross-section of the torus are
not perfectly concentric circles but are instead more dense
inside than outside. Therefore, the kinked plasma tube has
stronger Bh at lower y and weaker Bh at larger y. In a straight
plasma tube configuration, such a non-concentric Bh can be
considered as an azimuthally symmetric B0h and an addi-
tional horizontal field Bx. Bx enhances Bh at lower y and
reduces it at upper y. In a simple configuration, we assume
the equilibrium magnetic field profile is
B0 ¼ bzz^ þ bh R
r
H r  Rð Þh^ þ bxx^; (A1)
where bz, bh, and bx are all constant. Hence, J0 ¼ J0zz^ and
J0z ¼ bhR=ðl0rÞdðr  RÞ only exists on plasma surface. The
Lorentz force
J0  B0 ¼ J0zB0hr^ þ J0zbxy^ (A2)
has a radial component which confines the plasma tube and a
vertical component which is the hoop force. In the lab frame,
the hoop force expands the kinked plasma. In the frame of
plasma tube, the hoop force supports the tube against the
gravity.
In equilibrium, U0 ¼ 0 and so Eqs. (3)–(5) reduce to
rP0 þ J0  B0  qgy^ ¼ 0: (A3)
Inside the plasma tube, q ¼ qp is constant and J0 ¼ 0.
Hence the equilibrium is simply
P0ðyÞ ¼ P0ð0Þ  qpgy; r < R; (A4)
where P0ð0Þ is the plasma pressure at y¼ 0. The radial com-
ponent of Eq. (A3) upon substitution of Eq. (A2) is
 @P0
@r
 b
2
hR
2
l0r2
d r  Rð ÞH r  Rð Þ
þ bhbxR
l0r
d r  Rð Þsin h qg sin h ¼ 0: (A5)
Integrate Eq. (A5) from r ¼ R to r ¼ Rþ and use Eq. (A4)
and P0ðRþÞ ¼ 0 to obtain
P0 0ð Þ  qpgR sin h
b2h
2l0
þ bhbx
l0
sin h ¼ 0: (A6)
Eq. (A6) should hold for all h and so
P0 0ð Þ ¼ b
2
h
2l0
¼ l0I
2
0
8p2R2
; qpgR ¼
bhbx
l0
; (A7)
where I0 is the total axial current. Hence bh or axial current
is responsible for confining the plasma tube and bx or hoop
force is responsible for balancing the gravity. Although
the JzBx force is only applied to the surface of the plasma,
the incompressible plasma is able to distribute the Lorentz
force to region r<R via Eq. (A4). Note that bh and bx
have the same sign therefore Bhðx ¼ 0; y ¼ RÞ ¼ bh þ bx
> Bhðx ¼ 0; y ¼ RÞ ¼ bh  bx, consistent with the previous
analysis. The equilibrium solution is similar to a typical
Z-pinch configuration except that P0ðyÞ is y-dependent
because of gravity.
In typical Caltech plasma jet experiments, the axial cur-
rent is Iz ¼ 50–150 kA. The nominal jet radius R  2 cm,
then bh is on the order of 1T. The plasma number density is
estimated around ne ¼ 1021  1022 m3. With g  1010 m/s2,
hydrogen jet requires bx ¼ 4 105–4 104 T  bh and
argon jet requires bx ¼ 0:017–0:17T  bh. For some hydro-
gen jet experiments with g  1011 m/s2, bx  bh is still valid.
This means that a small bx component is sufficient to provide
the acceleration. In such a case, we can make a zero order
approximation bx ’ 0 so that the equilibrium magnetic con-
figuration is as in Eq. (7).
2. Magnetic buoyancy scenario
Another mechanism that can support the plasma tube
is magnetic buoyancy. In the original theory of MHD RT
instability occurring on a planar interface by Kruskal and
Schwarzschild,4 two uniform magnetic fields parallel to the
interface but with different strength were used to provide a
magnetic pressure difference across the interface to support a
plasma above vacuum. In the cylindrical case, instead of
assuming an abrupt change across the interface, we assume
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that in equilibrium the axial magnetic field has a small com-
ponent that varies in the y direction in addition to a uniform
field bz, i.e.,
B0zðyÞ ¼ bz þ ~bzðyÞ: (A8)
Without loss of generality, we assume ~bzðy ¼ 0Þ ¼ 0 so that
B0zðy ¼ 0Þ ¼ bz. ~bzðy ¼ 0Þ requires Jx ¼ @y ~bzðyÞ=l0 in both
the plasma and the surrounding medium. Therefore, the
background is not a pure vacuum, but a low-density plasma
that has negligible pressure compared to the central plasma
tube and is able to conduct current to allow ~bzðyÞ. Assume
the toroidal magnetic field as
B0h ¼ bhR
r
H r  Rð Þ; (A9)
and there is no other magnetic field component.
In equilibrium the MHDmomentum equation (4) becomes
0 ¼ 1
l0
B0  rB0 r Pþ B
2
0
2l0
 !
 qgy^: (A10)
It is seen that
B0  rB0 ¼ ðB0zz^ þ B0hh^Þ  rðB0zðyÞz^ þ B0hðrÞh^Þ;
¼ B0h 1
r
@B0z yð Þ
@h
z^ þ B20hh^  rh^;
¼ B0h
r
@ ~bz yð Þ
@h
z^  B
2
0h
r
r^: (A11)
Inside the plasma tube, B0  rB0 ¼ 0 because B0h ¼ 0.
Assuming constant plasma density q ¼ qp for r<R so that
Eq. (A10) can be written as
r Pþ B
2
0
2l0
þ qpgy
 !
¼ 0 r < R: (A12)
The equilibrium inside the plasma tube is therefore
P yð Þ þ
B0z yð Þ2
2l0
þ qpgy ¼ const ¼ P 0ð Þ þ
B0z 0ð Þ2
2l0
; r < R:
(A13)
Now consider integration of Eq. (A10) across the inter-
face. Because the first and last terms on the right hand side
of Eq. (A10) do not contain any delta-function-like compo-
nent, integration of Eq. (A10) from r ¼ R to r ¼ Rþ gives
Pþ B
2
0
2l0
 !
R
¼ Pþ B
2
0
2l0
 !
Rþ
; (A14)
so
P yð Þ þ
B0z yð Þ2
2l0
¼ B0z yð Þ
2
2l0
þ B0h Rþð Þ
2
2l0
) P yð Þ ¼ B0h Rþð Þ
2
2l0
¼ b
2
h
2l0
; (A15)
i.e., pressure inside the plasma tube is uniform and equals to
the toroidal magnetic pressure at the tube boundary, identical
to the classic Bennett Z-pinch configuration. We substitute
PðyÞ ¼ Pð0Þ into Eq. (A13) and use Eq. (A8) to get
bz þ ~bz
 	2
2l0
þ qpgy ¼
b2z
2l0
: (A16)
B0z is stronger at lower y and weaker at higher y so that
the magnetic pressure gradient is in the þy direction to sup-
port the plasma tube against gravity gy^. Eq. (A16) becomes
~bzðyÞbz þ l0qgy ’ 0; (A17)
assuming j~bzj  jbzj. This gives
~bz yð Þ ’  l0qgy
bz
: (A18)
In typical Caltech plasma jet experiments, the axial
magnetic field strength is around Bz  0:6 T (e.g., see Fig. 6
in Ref. 19) and ne ¼ 1021  1022 m3. With a jet radius
R  2 cm and g  1010 m/s2, hydrogen jet has
j~bzj
jbzj ’
l0nemHgR
B2z
 103–102;
and argon jet has
j~bzj
jbzj ’
l0nemArgR
B2z
 0:04–0:4:
For some rare hydrogen experiments with g  1011 m/s2,
l0qpgR=B
2
z  6 102  1 is also valid.
Therefore, in most cases it is safe to assume that the
axial field bz is significantly larger than the y-dependent
component ~bzðyÞ, i.e., a small B0z variation in the y direction
is sufficient to provide enough magnetic buoyancy to support
the central plasma tube. In such a case, we make a zero order
approximation ~bzðyÞ ’ 0 so that the equilibrium magnetic
field configuration is as described in Eq. (7).
The magnetic buoyancy scenario requires that the sur-
rounding medium is a low-density, low-pressure plasma.
However, because magnetic buoyancy also exists in the
background, there is no equilibrium outside the plasma tube.
Instead, the background is a thin accelerating wind as seen
by the plasma tube. This does not affect the instability deri-
vation as long as the background medium has negligible den-
sity and pressure compared to the plasma tube.
Among the two scenarios, the hoop force scenario is
likely to be the dominant one in the experiment. One evi-
dence is that in some argon cases the quantity l0qpgR=B
2
z
may be comparable to or even greater than unity, showing
that the magnetic buoyancy solely due to Bz is not sufficient.
In both scenarios, we obtain the same azimuthally symmetric
magnetic field configuration as described in Eq. (7) after
some approximation. Sophisticated numerical simulation is
required in order to accurately model the equilibrium and
instability. In this paper, we consider simple but non-trivial
solutions that can analytically exhibit coupling between
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Rayleigh-Taylor and current-driven instability. Hence, we
still use the simple configuration Eq. (7) in our solution
while acknowledging that the solution is based on an approx-
imate equilibrium.
APPENDIX B: CONFINED PERTURBED CURRENT
Inside the plasma, q1 ¼ 0 and B0 ¼ bzz^ so the momen-
tum equation (11) becomes
cqpU1 ¼ r P1 þ
B0  B1
l0
 
þ ikbz
l0
B1: (B1)
Use Eq. (29) to eliminate U1 in Eq. (B1) and get
c2qp
ikbz
B1 ¼ r P1 þ B0  B1l0
 
þ ikbz
l0
B1: (B2)
The curl of this equation gives
i c
2qp
kbz
þ kbz
l0
 !
r B1 ¼ 0: (B3)
For an instability c2 > 0 and so c2q0=ikbz  ikbz=l0 6¼ 0.
Therefore, l0J1 ¼ r B1 ¼ 0 inside plasma and J1 is con-
fined in the interface.
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